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06 Complete real Ka¨hler submanifolds
in codimension two∗
Luis A. Florit†, and Fangyang Zheng‡
Abstract
Minimal isometric immersions f : M2n → R2n+2 in codimension two from a
complete Ka¨hler manifold into Euclidean space had been classified in [DG2] for
n ≥ 3. In this note we describe the non–minimal situation showing that, if f is
real analytic but not everywhere minimal, then f is a cylinder over a real Ka¨hler
surface g : N4 → R6, that is, M2n = N4 × C n−2 and f = g × id split, where
id:C n−2 ∼= R2n−4 is the identity map. Moreover, g can be further described.
§1. Introduction
By a real Ka¨hler Euclidean submanifold we mean a smooth (C∞) isometric immer-
sion f :M2n → R2n+p from a Ka¨hler manifold M2n of real dimension 2n into Euclidean
space. As expected, the Ka¨hler structure imposes strong restrictions on the immersion.
In fact, the hypersurface situation (p = 1) is well understood, both locally and globally.
Locally, by means of an explicit parametrization ([DG1]), while ifM2n is assumed to be
complete, we showed in [FZ4] that f must be a cylinder over a complete orientable sur-
face g:N2 → R3, that is,M2n = N2×C n−1 and f = g×id split, where id:C n−1 ∼= R2n−2
is the identity map.
In codimension p = 2 the problem becomes far more interesting. Although few re-
sults were known until now in the local case unless the immersion has rank at most
two ([DF2]), the complete case for dimension n ≥ 3 is well understood for minimal im-
mersions. Here, f is either a holomorphic complex hypersurface under an identification
R2n+2 ∼= C n+1, or a cylinder over a complete minimal real Ka¨hler surface g:N4 → R6,
or it is essentially completely holomorphically ruled, i.e., M2n is the total space of a
holomorphic vector bundle over a Riemann surface, and f maps each fiber onto a linear
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subvariety in R2n+2 ([DR]). The paper [DG2] was devoted to give a precise descrip-
tion of the latter case in terms of a Weierstrass-type representation. Interesting explicit
examples were then given.
Our main purpose here is to understand the general (analytic) situation, that is, to
drop the minimality assumption on f and hence to complete the global classification by
showing that, if non–minimal, f must be a cylinder over real Ka¨hler surface in R6:
Theorem 1. Let f :M2n → R2n+2, n ≥ 2, be a complete analytic real Ka¨hler Euclidean
submanifold. If f is not everywhere minimal, then M2n = N4 × C n−2 and f = g × id
split, for some complete real Ka¨hler Euclidean surface g:N4 → R6.
Although we believe it is superfluous, the analyticity assumption appears since we
do not know at this point how to deal with the possible gluing phenomenon. In general,
we are able to show that there is an open subset U ⊂ M2n such that U = V 4 × C n−2
and the restriction f |U = g × id is a cylinder over some g:V 4 → R6.
By Hartman’s Theorem ([H]), a complete flat Euclidean submanifold in codimen-
sion two is a cylinder over a flat surface g:N2 → R4, although the decomposition
f = g × id:M2n = N2 × R2n−2 → R2n+2 does not need to be a Ka¨hler one. The local
case has been classified in [DF1].
The surface case n = 2 in codimension two is not well understood if the immersion
is minimal. It was shown in [DG3] that there is a family of irreducible (i.e., neither a
product of two surfaces in R3 nor a cylinder over a surface in R4) complete minimal real
Ka¨hler surfaces in R6 which are neither holomorphic nor complex ruled. However, we
can describe the non–minimal situation:
Theorem 2. Let f :M4 → R6 be a complete irreducible analytic real Ka¨hler Euclidean
surface that is not everywhere minimal. Then,M4 = N2×C , and there is an open dense
subset W ⊂M4 such that, along each connected component V of W , the restriction f |V
is a composition of analytic isometric immersions. That is, V is a real Ka¨hler Euclidean
hypersurface, g:V → R5, and f |V = h◦ g, where h: U ⊆ R5 → R6 is a flat hypersurface,
for some open subset U ⊆ R5 with g(V ) ⊂ U .
In some situations, we can assure that the whole f is globally a composition; see
Remark 11. Moreover, since the hypersurface situation is parametrically understood,
f |V above can now also be parametrically described. More importantly, the proof of
Theorem 2, being local in nature, contains the ingredients that allow to give a local
parametric classification of the (not necessarily analytic) everywhere non–minimal real
Ka¨hler Euclidean submanifolds in codimension two; cf. Remark 12.
Theorem 1 is based on the main result in this paper that holds for any (not necessarily
analytic) complete real Ka¨hler Euclidean submanifold, in any codimension:
The complex relative nullity foliation is always holomorphic.
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The complex relative nullity distributionD is just the maximal complex spaces contained
in the relative nullity ∆ of the immersion; that is, D = ∆ ∩ J∆, where J stands for
the Ka¨hler structure of M2n and ∆ for the kernel of the second fundamental form. It
is easy to check that, on the open subset where D attains its minimal dimension, D is
an integrable distribution with complete totally geodesic leaves in both M2n and the
Euclidean ambient space. The holomorphicity of D then imposes strong restrictions on
the immersion that, in codimension two, allow us to easily conclude Theorem 1.
§2. The complex relative nullity foliation
In this section, we will discuss some general properties about the complex relative
nullity foliation of any complete real Ka¨hler Euclidean submanifold. The main result
is that the foliation is always a holomorphic one. We then apply this property to the
codimension two case to easily get Theorem 1. Hopefully the main result might be
useful in other contexts as well.
Let f : M2n → R2n+p be a complete real Ka¨hler Euclidean submanifold. We will
denote by ∆x the relative nullity of f at x ∈M , that is, the nullity space of the second
fundamental form α(x) of f at x, ∆x = {Z ∈ TxM : α(Z, TxM) = 0}, and by ν(x) the
index of relative nullity of f at x, i.e., ν(x) = dimR∆x. Let U ⊂ M be the open set
where ν attains its minimum value ν0,
U = {x ∈M | ν(x) = ν0}.
It is a well-known fact (see e.g. [F]) that ∆ is smooth and integrable in U with totally
geodesic leaves in both M2n and R2n+p. If, in addition, M is complete, then the leaves
are also complete and thus each one is mapped by f onto a linear subvariety (that is, a
translation of linear subspace) of R2n+p.
Let us define the complex subspaces Dx ⊂ TxM by
Dx = ∆x ∩ J∆x,
where J is the almost complex structure of M , and by ν ′(x) = dimC Dx its complex
dimension. Observe that D = ∆ ∩ ∆J as well, where ∆J is the pluriharmonic nullity
of f defined in [FZ3] by ∆J := {Z ∈ TM : α(JZ, Y ) = α(Z, JY ), ∀Y ∈ TM}.
Let ν ′0 be the minimum value of ν
′(x) for all x ∈ U , and U0 ⊆ U be the open subset
where ν ′ = ν ′0. Clearly, since J is parallel, D is also smooth, integrable and totally
geodesic in U0 and its leaves are again complete. Therefore, each leaf is isometric to C
ν′
0
and is mapped by f onto a linear subvariety in R2n+p. We will call the leaves of D in U0
the complex relative nullity foliation of f from now on.
Let us write r = n − ν ′0 and fix any x ∈ U0. Let V be the space of type (1, 0)
tangent vectors at x, that is, V is the complex subspace of (TxM)⊗C defined as
V = {v − iJv : v ∈ TxM}. Denote by W = Wx ∼= C r the complex linear subspace
3
of V perpendicular to Dx, that is,
W ⊕W = D⊥x ⊗ C .
Let C:D × D⊥ → D⊥ be the twisting tensor (also called the splitting tensor) of the
totally geodesic foliation D defined by CTX = C(T,X) = −(∇XT )D⊥, where ∇ stands
for the Levi-Civita connection of M and ( )D⊥ for the orthogonal projection onto D
⊥.
Fix T ∈ D and write for the complexified operator CT ,
CT (ei) =
r∑
j=1
(Aijej +Bijej),
for a basis B = {e1, . . . , er} of W . We need a basic property of the twisting tensor:
Lemma 3. Let f : M2n → R2n+p be a complete real Ka¨hler submanifold and x ∈ U0.
Then, for any T ∈ Dx and any λ ∈ C , the matrix
C˜ =
[
λA λB
λB λA
]
has no non-zero real eigenvalues.
Proof: Write λ = a+ib and take a geodesic γ with γ′(0) = aT+bJT . From JD = D we
have CJT = JCT . So, under the frame {ei, ei} for D⊥ ⊗ C , the twisting tensor Cγ′(0) is
represented by the above 2r×2r matrix. Since D is totally geodesic and is contained in
the nullity space of the curvature tensor, it is easy to check that C = Cγ′(t) satisfies the
Riccati equation C ′ = C2. Hence, since the leaves of D are complete, Cγ′(0) cannot have
any non-zero real eigenvalue, just like the case for conullity operators as observed by
Abe (cf. [A]): the solution of the above Riccati equation is C(t) = C(0)(I− tC(0))−1.
Let us now recall the following decomposition of the second fundamental form α of f
at x ∈M (see [FHZ]). Extend α bilinearly over C , and still denote it by α,
α : (TxM)⊗C × (TxM)⊗C → T⊥x M⊗C .
Using that (TxM)⊗C = V ⊕ V , we can write
H = α|V×V and S = α|V×V
for the (1, 1) and (2, 0) parts of α, respectively. Let W ′ ⊂ V be the complex linear
subspace given by
W ′ = kerH ∩ ker S.
Hence, D⊗C =W ′⊕W ′ and V = W ⊕W ′. With respect to the basis B, we have that
A and B in Lemma 3 are r × r complex matrices, while H and S are Hermitian and
complex symmetric matrices, respectively, with values in the (complexification of the)
normal space of f at x. These operators satisfy the following compatibility conditions:
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Lemma 4. At any x ∈ U0 and under any basis B of W , the matrices AS and BH are
always symmetric. Moreover, it holds that AH = SBt.
Proof: Note that under a base change, say e′i =
∑r
j=1 Pijej , for P ∈ GL(r,C ), the
matrices A, B, H , S change to
PAP−1, PBP−1, PHP ∗, PSP t, (1)
respectively. So the symmetry of AS and BH , as well as the identity AH = SBt, are
independent of the choice of the frame.
Let {ei, eα} be a local unitary frame of type (1, 0) tangent vector fields near x, such
that {ei} gives a basis of W in a neighborhood of x. Here and below we will use the
convention that Latin indices i, j,... will run from 1 to r, while Greek indices α, β,...
will run between r + 1 and n. Also, let a, b,... run through the full range, from 1 to n.
Let g and θ be the matrices of metric and connection ofM under the frame B. Also,
write
ξaµ = 〈∇˜ea, wµ〉,
where 1 ≤ µ ≤ p, {w1, . . . , wp} is an orthonormal frame of the normal bundle of f
near x, and ∇˜ is the covariant differentiation in R2n+p. we get
ξαµ = 0, ξiµ =
r∑
k=1
(Sµikϕk +H
µ
ik
ϕk),
where {ϕa} is the dual coframe of {ea}. Fix any α, write eα = 12(Tα −
√−1JTα) and
CTα(ei) =
∑r
j=1(A
α
ijej + B
α
ij
ej). From now on, for the sake of simplicity, we omit the
superscript µ for S and H . Then we obtain
θαi = 〈∇eα, ei〉 = −
r∑
j=1
(Aαjiϕj − Bαjiϕj).
By the Codazzi equation, we get
0 = −dξαµ = −
r∑
i=1
(θαi ξiµ)
=
r∑
i,j,k=1
(Aαji ϕj +B
α
ji
ϕj) ∧ (Sik ϕk +Hik ϕk)
=
r∑
j,k=1
(
(AαS)jk ϕj ∧ ϕk + (BαH)jk ϕj ∧ ϕk + (AαH − S(Bα)t)jk ϕj ∧ ϕk
)
.
We conclude that AαS and BαH are both symmetric, and AαH = S(Bα)t for all α.
Next, we observe that the operators A, B also satisfy a compatibility condition with
the curvature tensor R of M .
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Lemma 5. For any 1 ≤ i, j, k, l ≤ r, the components A and B of CT satisfy that
r∑
p=1
AipRpjkl =
r∑
p=1
AkpRpjil, and
r∑
p=1
BipRpjkl =
r∑
p=1
BjpRpikl.
Proof: Recall that, since M is Ka¨hler, R(V, V ) = R(V , V ) = 0. Moreover, the relative
nullity, and hence D, is always contained in the nullity of R by the Gauss equation. So,
the second Bianchi identity gives us that 0 = (∇eiR)(T, ej , ek, el)−(∇ekR)(T, ej , ei, el) =
R(CTei, ej, ek, el)−R(CT ek, ej, ei, el), which is the first relation we wanted to prove. The
proof of the second one is similar.
Note that Lemma 5 holds true under any basis B ofW , not necessarily an orthogonal
one. The symmetry in Lemma 5 was observed in [WZ], where the situation is intrinsic.
In our case here, the manifold M may not have nonpositive or nonnegative bisectional
curvature, and the complex relative nullity D, although is always contained in the nullity
of M , may not coincide with the nullity. So, in order for us to exploit techniques of the
proof of Theorem A in [WZ], we need more symmetry conditions on the components A
and B of the twisting tensor.
By the Gauss equation, the curvature tensor R of M is given by
〈R(X, Y )Z, U〉 = 〈H(X,U), H(Z, Y )〉 − 〈S(X,Z), S(Y, U)〉,
for all X, Y, Z, U ∈ V . Let us introduce the tensor Rˆ by
〈Rˆ(X, Y )Z, U〉 = 〈H(X,U), H(Z, Y )〉+ 〈S(X,Z), S(Y, U)〉,
also with Rˆ(V, V ) = Rˆ(V , V ) = 0. It has all the symmetries of R, i.e., it is a curvature-
like tensor. Taking a unitary basis {w1, , . . . , wr} ofW , the Ricci tensor ofM is given by
Q(X, Y ) = Ric(X, Y ) =
r∑
j=1
〈R(X,wi)wi, Y 〉 =
r∑
j=1
〈R(X, Y )wi, wi〉 = (QH −QS)(X, Y ),
with QH(X, Y ) =
∑r
i=1〈H(X,wi), H(Y, wi)〉 and QS(X, Y ) =
∑r
i=1〈S(X,wi), S(Y, wi)〉.
Notice that the corresponding Qˆ = QH + QS for Rˆ is positive definite on W , since
both QH and QS are positive semidefinite, and W is the orthogonal complement of the
common nullity of H and S.
Since AS and BH are symmetric by Lemma 4, Lemma 5 still holds true if we replace
R by Rˆ. That is, we have:
Lemma 6. For any 1 ≤ i, j, k, l ≤ r, the components A, B of the twisting tensor satisfy
r∑
p=1
AipRˆpjkl =
r∑
p=1
AkpRˆpjil , and
r∑
p=1
BipRˆpjkl =
r∑
p=1
BjpRˆpikl.
In particular, the matrix BQˆ is always symmetric.
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The last sentence is the result of contracting the second identity by the inverse of
the metric, glk. We have all the ingredients conclude of our main result:
Theorem 7. For any complete real Ka¨hler Euclidean submanifold f : M2n → R2n+p,
the complex relative nullity D = ∆∩J∆ in U0 is a holomorphic foliation, that is, B = 0.
Proof: Consider a basis B such that Qˆ(ei, ej) = δij. Under B, by the last assertion in
Lemma 6, B becomes a complex symmetric matrix. By (1), it is well known that there
is a basis B′ under which B is diagonal with nonnegative diagonal entries. The proof
now ends just as the one for Theorem A in [WZ], in view of Lemma 3 and Lemma 4.
Let us put together what we know in general about the complex relative nullity
distribution. For this, denote by ImH = spanH = span{H(X, Y ) : X, Y ∈ V }.
Corollary 8. In the situation of Theorem 7, for any T ∈ D, A is nilpotent, AS is
symmetric, and AH = 0; that is, the complexified twisting tensor CT satisfies that
α(CTX, Y ) = α(X,CTY ) ∈ (ImH)⊥, ∀X, Y ∈ W, (2)
CT :W →W, CrT = 0, ImCT ⊂ kerH. (3)
In other words, for the real twisting tensor CT :D
⊥ → D⊥ we have that
α(CTX, Y ) = α(X,CTY ), ∀X, Y ∈ TM, (4)
CT ◦ J = J ◦ CT , CrT = 0, ImCT ⊂ ∆J . (5)
Proof: It follows from Theorem 7, Lemma 3, Lemma 4, and the relation
〈Sij, Hks〉 = 〈Skj, His〉 ∀ i, j, k, s, (6)
that is an easy consequence of the curvature symmetries; see (2) in [FHZ].
Corollary 9. With the hypothesis of Theorem 7, assume that one of the following holds:
(a) kerH ⊆ ker S, or (b) dim ImH ≥ p− 1.
Then, C = 0. That is, each connected component Ui of U0 is isometric to a product
Ui = N
2r × C n−r, r ≤ p,
and f |Ui = f ′ × id split, where f ′:N2r → R2r+p is a real Ka¨hler Euclidean submanifold,
and id:C n−r ∼= R2(n−r) is the identity map.
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Proof: If (a) holds, then ker H = W ′ and by (3) C must vanish. Assume that (b)
holds but (a) does not. By (6) we have that
S(kerH, V ) ⊂ (ImH)⊥. (7)
Hence, dim (ImH)⊥ = 1, and there is Z ∈ kerH such that S(Z, V ) = (ImH)⊥. Consider
the hyperplane L = ker S(Z, · ) ⊂ V . Since from the curvature symmetries the relation
〈Sij, Sks〉 = 〈Skj, Sis〉 always holds (see (3) in [FHZ]), we get S(L, V ) ⊂ ImH and
W ′ = L ∩ kerH. (8)
Hence, by (2) we obtain that α(CTL, V ) ∈ ImH ∩ (ImH)⊥ = 0 since H is Hermitian.
This yields L ⊂ kerC by the last relation in (3). Since CT is nilpotent, we conclude
again from the last relation in (3) that ImCT ⊂ L ∩ kerH . Therefore, by (8), C = 0.
The estimate on r follows from (8) and Lemma 7 of [FHZ], where it was proved that
dim ker H ≥ n− dim Im H .
Remark 10. We point out that, where kerH attains its minimal possible complex
dimension n− p, it holds that kerH ⊆ kerS (see Lemma 7 in [FHZ]).
Proof of Theorem 1: It follows from Corollary 9 (b) and the fact that f is minimal
if and only if H = 0 (cf. Remark 8 in [FHZ]).
§3. Real Ka¨hler surfaces and the local case in codimension two
Here we basically argue locally to understand real Ka¨hler Euclidean surfaces in R6,
giving the proof of Theorem 2. As a side effect, we obtain a local classification of all
real Ka¨hler Euclidean submanifolds in codimension two.
Proof of Theorem 2: By Corollary 9, r = 2− ν ′0 = 2 and then D = 0. Since f is not
minimal, we get that νJ = dimC ∆J = 0 or 1 almost everywhere. In the first case, the
composition structure of f follows from Theorem 1 in [FZ3], with nullity index µ = 2
of the curvature tensor of M4 and relative nullity ν = 1 almost everywhere. Hence,
assume also that νJ = 1 almost everywhere. The next arguments hold along (connected
components of) an open dense subset by the analyticity of f .
Consider ξ a unit (analytic) vector field spanning the line bundle ImH . Observe that
we can choose ξ to be real since H(X,X) is real, X ∈ V . Take {ξ, η} an orthonormal
basis of the normal space of f , with corresponding shape operators Aξ and Aη. By (6)
we have that
1 ≤ rankAξ ≤ 2, (9)
and that (7) holds. Hence, trace Aη = 0 and Aη 6= 0 since D = 0.
The curvature tensor symmetries also imply that 〈Sij , Sks〉 = 〈Skj, Sis〉, for all i, j, k, s
(cf. (3) in [FHZ]). In terms of the complex bilinear form s(X, Y ) = 〈S(X, Y ), η〉, this
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is equivalent to s(X, Y )s(Z,W ) = s(X,W )s(Z, Y ), for all X, Y, Z,W ∈ V . Taking
Y = X with s(X,X) 6= 0 and s(Z,X) = 0, we conclude from ImH ⊥ η that
rankAη = 2. (10)
Since D = 0, we also get from (9) and (10) that ImAξ 6⊂ ImAη, and, since µ is even,
by the Gauss equation we have that
ImAη ∩ ImAξ = 0. (11)
The fact that µ = 0 is then equivalent, by Gauss equation, to rankAξ = 2. In this case,
we claim that f would split as a product of two surfaces in R3, which is a contradiction.
To prove the claim, consider ξ1 = ξ, ξ2 = η, and take X, Y ∈ KerAξi . The Codazzi
equation for Aξi says that
Aξi [X, Y ] = (−1)iAξj (ψ(X)Y − ψ(Y )X), 1 ≤ i 6= j ≤ 2, (12)
where ψ(X) = 〈∇⊥Xξ, η〉. From this, (10), (11) and rankAξ = 2 we easily get that
KerAξi is integrable and that ξi is parallel, i = 1, 2. Then, by Ricci equation, we obtain
that KerAξi = ImAξj . On the other hand, Codazzi equation for X ∈ KerAξi and
Y ∈ ImAξi gives ∇XAξiY = Aξi[X, Y ] ∈ ImAξi. Therefore, we have the decomposition
TM = ImAξ⊕ ImAη into orthogonal parallel distributions. The claim now follows from
the local de Rham decomposition Theorem and the Main Lemma in [M].
So, we must have, again, µ = 2 and ν = 1, with rankAξ = 1. In this situation, we
obtain the (local) composition structure of f as follows. By (11) and (12) for ξi = ξ,
ξj = η, we obtain that
KerAξ ⊂ Kerψ. (13)
Thus, it is easy to check that Aη is a Codazzi tensor, and then, since rankAξ = 1, there
is an Euclidean hypersurface g whose second fundamental form is Aη. Now, by (13),
we have (∇˜TMξ) ∩ span{η} = 0. Therefore, we conclude that f is a composition from
Proposition 8 in [DF3]. Observe that the fact that the line bundles spanned by ξ and
η are analytic implies that the immersions h and g also are.
It remains only to argue that M4 = N2 × C if µ = 2. It is well known that the
nullity Γ of the curvature tensor of any Riemannian manifold is an integrable totally
geodesic distribution, in any open subset where µ = dimΓ is constant. Moreover, along
the (open) set where µ is minimal, in our case µ−1(2), the leaves are complete. The
twisting tensor Cˆ of Γ also satisfies the Riccati equation Cˆ ′T = Cˆ
2
T for any T ∈ Γ, since
R(X, T )T = 0 for all X ∈ TM . Again by the completeness of the leaves of Γ, this
equation has no real eigenvalues. But since Γ is J-invariant, the same argument that of
Lemma 3 gives Cˆ = 0. The global splitting follows from the analyticity of f .
Remark 11. We conclude that f |W in Theorem 2 is itself a composition if f is an
embedding. But we do not know if such an f itself is always a composition on the
whole M4, f = h ◦ g. However, if f is nowhere flat, then rankAη = 2 everywhere. So,
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the normal subbundles spanned by ξ and η are globally well defined. Hence, if M4 is
simply connected, g is also globally well defined and then it is a cylinder over a surface
in R3 by [FZ4]. The same holds if f is nowhere minimal because ξ would never vanish,
but in this case, since α decomposes regularly, h is also globally well defined, and thus
f = h ◦ g is globally a composition; see Proposition 8 in [DF3].
Remark 12. The proof of Theorem 2 contains all the ingredients to obtain the local
classification of nowhere minimal real Ka¨hler Euclidean submanifolds in codimension
two f :M2n → R2n+2, not necessarily analytic. In terms of the index of nullity µ of
M2n and index of relative nullity ν ≤ µ of f , the restriction of f to each connected
component V of an open dense subset W ⊂M2n must then be:
• µ = 2n: this is the flat case, classified parametrically in Theorem 13 in [DF1];
• µ = ν = 2n−2: either f reduces codimension and is then a hypersurface (classified
parametrically in [DG1]), or is a cylinder over a surface in R4. Otherwise, by
Theorems 25 and 27 in [DF2], it would be minimal, admitting a Weierstrass-type
representation;
• µ = 2n−2, ν = 2n−3: similarly as in Theorem 2, f is a composition, so it reduces
to the hypersurface situation;
• µ = 2n − 4: here f is a product of two Euclidean hypersurfaces (see Theorem 1
in [FZ3]).
Observe that µ < 2n − 4 cannot occur, since the submanifold would then be a holo-
morphic hypersurface in C n+1 ∼= R2n+2 by [D], and hence minimal. Therefore, the
local classification problem of real Ka¨hler Euclidean submanifolds f in codimension two
reduces, aside from the gluing phenomena, to the minimal case with ν = µ = 2n − 4.
However, we recall that any minimal real Ka¨hler submanifold f :M2n → RN is the real
part of a holomorphic complex submanifold g:M2n → C N = RN ⊕ RN , f = Re g; cf.
Theorem 1.11 in [DG1] and Remark 8 in [FHZ].
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